The objective of this study has been to develop an approach to the allocation of an effective maintenance limit for track geometry maintenance that leads to a minimisation of the total annual maintenance cost. A cost model was developed by considering the cost associated with inspection, preventive maintenance, normal corrective maintenance and emergency corrective maintenance. The standard deviation and extreme values of isolated defects of the longitudinal level were used as quality indicators for preventive and corrective maintenance activities. The Monte Carlo technique was used to simulate the track geometry behaviour under different maintenance limit scenarios and the effective limit was determined which minimises the total maintenance cost. The applicability of the model was tested in a case study on the Main Western Line in Sweden. Finally, a sensitivity analysis was carried out on the inspection intervals, the emergency corrective maintenance cost and the maintenance response time. The results show that there is an optimal region for selecting an effective limit. However, by considering the safety aspects in track geometry maintenance planning, it is suggested that the lower bound of the optimal region should be selected.
Introduction
The railway system is one of the most important assets for a country's progress and is generally considered as the 'lifeline' of a nation. Today, it is a proven fact that the railway infrastructure is a key element for adding speed and efficiency to a country's progress. The track is a fundamental part of the railway infrastructure and represents a significant part of the maintenance effort and cost. For example, in Sweden the annual maintenance cost for the track geometry alone is between 100 and 120 MSEK (Arasteh Khouy, 2013) . The quality of the track is mainly represented by the track geometry parameters, that is, the cant, alignment, longitudinal level, twist and gauge. Several maintenance actions can be employed to restore the quality of the track geometry, that is, manual intervention, tamping and stone-blowing, among which tamping is the most applied maintenance action to remedy a degraded track geometry.
When the track quality deterioration reaches an unacceptable level, this can lead to derailment and serious consequences of great significance. The consequences can include, for example, a high cost of operation, damage to the railway asset, economic loss, environmental pollution and the possible loss of human lives. Hence, track geometry inspection is employed to measure the quality of the track geometry. When it is observed that the track geometry level exceeds a predetermined maintenance limit, maintenance actions will be implemented to restore the track geometry to an acceptable level.
Obviously, the allocation of an inappropriate maintenance limit may result in an ineffective tamping regime, which will ultimately negatively affect the overall quality of the track, the train punctuality and serviceability, the train safety, the ride quality, the passenger comfort and the total related maintenance costs. Performing over-tamping imposes higher maintenance costs and it should also be noted that while a tamping action improves the quality of the track geometry, the tines of the tamping machine break the ballast particles under the sleeper and reduce the life cycle of the ballast (Andrews, 2013) . In addition, performing fewer tamping actions than required increases the time that the track spends in a bad condition, which may lead to a higher risk of train derailment. Summing up, the allocation of an effective maintenance limit for the performance of tamping is of crucial importance.
In recent years, several research studies have been conducted on the 'allocation of an optimal track geometry maintenance limit'. Andrade and Teixeira (2016) studied the effect of different maintenance limits by considering the longitudinal level and the alignment as track quality indicators, as proposed by EN 13848-5 (2008) . They developed an optimisation model with two objective functions, to identify the optimum limit that minimises both the total maintenance cost and delay. In another research study, Arasteh Khouy, Larsson-Kråik, Nissen, and Kumar (2016) proposed a cost model for the determination of cost-effective maintenance limits. They considered the costs related to inspection, corrective tamping, capacity loss and the risk of accidents due to poor quality of the track geometry. The standard deviation of the longitudinal level and the isolated defect of twist were considered as track quality indicators in their work. The authors assumed that when the standard deviation of the longitudinal level reaches a certain limit, trains reduce their speed and the cost due to the capacity loss should be considered in the cost model. They concluded that a specific 'cost-effective maintenance limit' needs to be determined for different track quality classes.
The effect of different maintenance thresholds on the quality of the track geometry was investigated by Prescott and Andrews (2013) . By considering the standard deviation of the longitudinal level as a track quality index, a Markov model was developed to predict the track geometry degradation. Three different maintenance thresholds were defined which lead to four track geometry conditions, that is, track in good condition, maintenance requested, speed restriction and line closure. The results of the model developed by Prescott and Andrews (2013) show that increasing the maintenance threshold will increase the probability of the track condition being in the speed restriction and line closure states. Andrews, Prescott, and De Rozi eres (2014) analysed the effect of the maintenance limit and the maintenance response time 1 on the overall quality of the track geometry, using the Petri net method to model the track geometry degradation. Their study concluded that setting lower limits significantly reduced the time that the track spent in a poor condition. They found that an increase in the mean response time would decrease the total number of maintenance actions and would have no effect on speed reduction or line closure.
In another research study, Zhao, Chan, Stirling, and Madelin (2006) developed an LCC model for joint optimisation of ballast tamping and renewal, considering the ballast service life. Their model includes the cost associated with tamping and renewal, and a penalty cost due to poor track quality. These authors compared the effect of the following three policies: (1) tamping and renewal with an optimal maintenance limit, (2) tamping and renewal based on an optimal constant frequency of planned tamping and (3) tamping and renewal based on an optimal non-constant frequency of planned tamping. Based on a comparison of the results of the three policies, the authors stated that the third policy would be the most economic. Quiroga, Schnieder, and Antoni (2012) developed a simulation technique to estimate the track geometry evolution in the long term and compared constant maintenance and dynamic maintenance thresholds. They concluded that the constant maintenance threshold required fewer maintenance activities than the dynamic maintenance threshold. Meier-Hirmer, Riboulet, Sourget, and Roussignol (2009) studied optimal track geometry maintenance limits considering two maintenance response times, that is, a response time shorter than the inspection period and a response time longer than the inspection period. They used a gamma process to model the track geometry degradation. The study concluded that lower the percentage probability of the occurrence of isolated defects that lead to normal corrective maintenance } the percentage probability of the occurrence of isolated defects that lead to emergency corrective maintenance x s a dummy variable which is 1 for complete tamping and 0 for partial tamping maintenance limits should be set when the response time is greater than the inspection interval. In order to achieve an applicable and effective maintenance limit, the track should be modelled at the line level by considering the variation among the track sections, which enables effective maintenance decisions for a set of track sections. In addition, the occurrence of isolated defects is of crucial importance, since it is a source of the generation of corrective maintenance activities. Isolated defects are the extreme geometry irregularities over the defined limits and occurs in a small portion of the track section (see EN 13848-1 (2003) , Alemazkoor, Ruppert, & Meidani, 2018; C ardenas-Gallo, Sarmiento, Morales, Bolivar, & AkhavanTabatabaei (2017) and Sharma, Cui, He, Mohammadi, & Li, 2018 for more details). Furthermore, the maintenance response time can be affected by the resource availability, logistics issues, managerial decisions, etc. Hence, in order to achieve a more effective maintenance limit, the maintenance delay time (i.e. the maintenance response time) should be considered to reflect the risk associated with different quality states.
The aim of the study presented herein has been to develop an optimisation approach to determination of the effective maintenance limit that minimises the total annual maintenance cost while considering safety limits. Linear regression and ordinal logistic regression have been used for prediction of the track geometry evolution and the occurrence of isolated defects. Due to the existence of uncertainty and variation in the input parameters, the Monte Carlo technique has been used to estimate the expected number of preventive and corrective tamping actions corresponding to specific limits. A cost model has been developed to compare the cost-effectiveness of different limit scenarios, enabling the selection of the most effective decision. In the model, the costs associated with inspection, preventive tamping due to normal degradation, and corrective tamping due to isolated defects are considered. In order to verify the applicability of the model, a case study has been performed with data collected from the Main Western Line in Sweden. The MATLAB program has been used to enable the variation of the parameters and estimation of the number of corrective and preventive tamping through developed Monte Carlo simulation. Moreover, a sensitivity analysis has been performed on the inspection intervals, the emergency corrective maintenance cost and the maintenance response time to assess the varied effect of these parameters on the mean number of maintenance actions.
This study contributes in the development of a framework toward the determination of the optimal track geometry maintenance limit. Furthermore, it proposes an integrating approach taking into account the track geometry degradation and restoration, the occurrence of isolated defect and maintenance process. The proposed approach will lead to a more effective maintenance decision making. The rest of the paper is organised as follows. The track geometry degradation parameters, maintenance limits, and maintenance actions are presented in Section 2. Section 3 deals with the analytical models and the proposed framework, as well as the associated Monte Carlo simulation. The case study is presented in Section 4 and Section 5 reveals the conclusions.
Track geometry degradation parameters, maintenance limits and maintenance actions
The track geometry describes the position that each rail, or the track centre line, occupies in space (American Railway Engineering and Maintenance-of-Way Association, 2006). The defects and irregularities in the track geometry are mostly used to characterise the quality of the track and to plan track maintenance activities. Track geometry measures can be divided into five classes: (1) longitudinal level, (2) alignment, (3) gauge, (4) cant and (5) twist. Longitudinal level is the track geometry of the track centre line projected onto the longitudinal vertical plane. Alignment is the track geometry of the track centre line projected onto the longitudinal horizontal plane. Gauge is the distance between the inner sides of the rail heads. Cant (cross-level) is the difference in height of the adjacent running tables computed from the angle between the running surface and a horizontal reference plane. Twist is the algebraic difference between two cross-levels taken at a defined distance apart, usually expressed as the gradient between the two points of measurement (EN 13848-1, 2003 ; American Railway Engineering and Maintenance-of-Way Association, 2006). Figure 1 presents the explained track geometry parameters. The track geometry irregularities can be classified into short-wavelength and long-wavelength irregularities. Given their nature, long-wavelength track irregularities normally have a negative effect on the comfort of passengers. However, short-wavelength irregularities generate more vibration on the axles and wheels (Soleimanmeigouni, Ahmadi, & Kumar, 2018b) . Accordingly, the European standard EN 13848-5 (2008) has determined the following three maintenance limits for different defects, based on different permissible speeds.
Immediate action limit (IAL):
The IAL 'refers to the value which, if exceeded, requires taking measures to reduce the risk of derailment to an acceptable level. This can be done either by closing the line, reducing speed or by correction of track geometry'. 2. Intervention limit (IL): The IL 'refers to the value which, if exceeded, requires corrective maintenance in order that the immediate action limit shall not be reached before the next inspection'. 3. Alert limit (AL): The AL 'refers to the value which, if exceeded, requires that the track geometry condition is analysed and considered in the regularly planned maintenance operations'.
The IAL takes into account the track-vehicle interaction, as well as the risk of unexpected events, and is normative. The AL and IL are linked with the type of maintenance policy being implemented and are informative. This means that infrastructure managers may set various ILs and ALs based on their maintenance policy to achieve the desired safety, ride quality and lower life cycle cost.
Generally, in practice the standard deviation of the geometry measurements is used to control the need for PM activities, and isolated defects are used for CM actions. Figure 2 shows various maintenance action zones corresponding to limits associated with the standard deviation of the geometry measurements and the extreme values of isolated defects. From this figure the following observations can be made:
When the standard deviation of the geometry measurements is less than the AL, no maintenance action will be performed, and when the standard deviation of the geometry measurements exceeds the AL, the track section(s) is monitored and considered for PM actions.
When the indicator of an isolated defect (e.g. the mean to peak value of the longitudinal level irregularities) is between the IL and IAL, CM is carried out on the track geometry without any operational action (i.e. speed reduction or line closure). Because this action is not based on any prior plan, its execution is more expensive than PM. When the indicator of an isolated defect (e.g. the mean to peak value of the longitudinal level irregularities) exceeds the IAL, CM along with operational actions (speed reduction or line closure) is carried out on the track geometry.
According to the International Union of Railways, it is usually the short-wavelength of the longitudinal level measurement that drives the need for track geometry maintenance activities (Union Internationale Des Chemins de Fer, 2008) . This includes the measurement of single isolated track geometry defects, as well as the overall standard deviation of a short section of the track (usually a 200 m track section). Furthermore, in this study, the standard deviation of the longitudinal level and the extreme values of isolated defects of the longitudinal level were used to assess the need for preventive and corrective maintenance activities, respectively. In addition, the AL was used to control the quality of the standard deviation of the longitudinal level, and the IL and IAL were used to control the occurrence of isolated defects.
Proposed analytical model
Figure 3 provides a schematic description of the proposed analytical model. As can be seen, track geometry is inspected at discrete time intervals (s) to determine its condition. At each inspection interval, the standard deviation of the longitudinal level (D LL ) is monitored and if it exceeds the AL (D LLs ! AL), the track will be considered for PM tamping in the first maintenance window (T tamp ). This means that even if the D LL ; between two maintenance cycles, is higher than the AL, PM would not be performed on the track until the predefined PM time. In addition, when the peak value of the longitudinal level (Iso LL ) exceeds the IL and IAL, normal and emergency CM actions will be performed, respectively.
In the proposed model, if the estimated probability of the occurrence of isolated defects exceeds the } or } 0 values, emergency or normal CM will be carried out on that track section, respectively. Hence, at each inspection time, if the probability of the occurrence of isolated defects is less than } 0 and }; the track is left as it is and we plan for the next inspection. Actions 1 and 2 in Figure 4 show the mentioned situations. When it is observed that P ILss ! } 0 ; a normal CM action is carried out on that track section with a response time (RT) (see Figure 3) . Moreover, if it is observed that P IALss ! }; an emergency CM action is carried out on that track section immediately.
Obviously, the two limits for the probability of the occurrence of isolated defects (} 0 and }) should be varied in order to determine the optimal value. However, since the focus of the present research has been on allocating an effective maintenance limit, determining the optimal limit for the probability of the occurrence of isolated defects has been left intentionally for future research. When the response time is considered for normal CM actions, the track geometry degradation will increase with time and the following two situations may occur: (1) the track condition may remain in the normal CM zone or (2) the track condition may go to the next state, which is the emergency CM zone. This situation can only be monitored when the applied response time is greater than the inspection interval. This phenomenon can occur in practice in the case of unavailability of machines and logistics.
In the present study, it has been assumed that the applied response time is less than the inspection interval. The situations explained above and the corresponding maintenance actions are summarised below.
1. If P ILss < } 0 and P IALss < } for track section s and at inspection interval s i , then the track section is left as it is. Action 1 in Figure 4 shows the state graphically. 2. If D LLs t ð Þ ! AL for track section s, but t < T tamp ; then no action is carried out on the track section, but the track section is considered for PM tamping in the first maintenance window. Action 2 in Figure 4 shows the state graphically. 3. If P ILss ! } 0 for track section s and at inspection interval s i , then a normal CM maintenance action is performed on track section s after the response time. Action 3 in Figure 4 shows the state graphically. 4. If P IALss ! } for track section s and at inspection interval s i , then an emergency CM action with speed reduction or line closure is carried out on track section s immediately after detection. Action 4 in Figure 4 shows the state graphically. 5. If D LLs ! AL at t ¼ T tamp ; then a PM action is performed on that track section. Action 5 in Figure 4 shows the state graphically.
Setting different ALs will change the number of maintenance activities as well as the quality of the track geometry. In order to achieve an effective maintenance limit, a framework has been constructed (see Figure 5 ) which consists of the following six main steps:
1. Modelling the track geometry degradation. 2. Estimation of the number of maintenance actions based on the initial AL. 3. Cost analysis according to the developed cost model. 4. Recording the cost of the current AL scenario. 5. Repeating steps 1 to 4 with a new AL. 6. Comparing all the recorded scenarios and selecting the scenario with the minimum cost.
Steps 1 to 3 in the framework are necessary steps and are discussed in detail in the following sections. 
Track geometry degradation model
The degradation of the track geometry varies along the track line, due to many structural and environmental factors that exert a different influence on the railway track (Soleimanmeigouni et al., 2018b) . In order to cope with this variability, usually the track quality indicators are calculated for sections with specific length (usually 200 m) to plan maintenance activities (Soleimanmeigouni et al., 2018b) . In the present study, the railway track has been considered as a multi-component system comprising S ¼ f1,2, … ,sg track sections, each with a length of 200 m. All the track sections have been considered as independent and as having their own degradation behaviour. Modelling the degradation based on the standard deviation of the longitudinal level and modelling the probability of the occurrence of isolated defects are explained in the following subsections.
3.1.1. Modelling the track geometry degradation based on the standard deviation of the longitudinal level The linear function is one of the commonplace tools widely used in the literature to model the track geometry degradation between two maintenance actions, as explained, for example, by Teixeira (2011), Caetano and , Esveld (2001) , Guler, Jovanovic, and Evren (2011) and Zhao et al., 2006) . Many research studies have been published which have used this method, for example, those conducted by Andrade and Teixeira (2011 , 2013 , Andrews (2013) , Caetano and Teixeira (2013 , 2015 , Lee, Choi, Kim, & Hwang (2018) and Wen, Li, and Salling (2016) . In the present study, a linear model was used to model the track geometry degradation and Figure 6 shows the degradation parameters in this model. In the proposed degradation model, the degradation parameters (D 0 LL s and b s ) are considered as random variables. The degradation for each track section, D LLs t ð Þ; between two consecutive maintenance actions is determined using:
where:
LL s is the initial degradation value after tamping for track section s; D LLs ðtÞ is the degradation value for track section s in time t, t ! 0; b s is the degradation rate in a maintenance cycle for track section s; e s is the Gaussian random error term with a mean of zero and a constant variance, e s $ N ð0; r 2 c Þ; the error term is the deviation between the measured value and the predicted value (as shown in Figure 6) ; t is time in days; t n is the time at the latest tamping intervention (it resets the local time after tamping to zero).
3.1.2. Modelling the probability of the occurrence of isolated defects In order to consider the CM actions in our model, we need to estimate the probability of the occurrence of isolated defects. Therefore, we apply ordinal logistic regression (Harrell, 2015) to estimate the probability that the indicator of an isolated defect of the longitudinal level will exceed the IL and IAL by considering the standard deviation of the longitudinal level as the predictor. Ordinal logistic regression is a family of regression methods that can be used to model the relationship between a set of predictors and an ordinal response. In our case, we define Y as the response variable and it takes different values as follows:
By considering the standard deviation of the longitudinal level as the predictor, the three different event probabilities can be obtained as follows: 
P 1 is the probability of no isolated defect, P 2 is the probability of a level A defect, P 3 is the probability of a level B defect.
Modelling the effect of tamping
In order to model the long-term behaviour of the track geometry degradation under multiple maintenance cycles, it is essential to model the effect of tamping. The effect of tamping on the track geometry degradation can be seen in Figure 6 . Generally, PM tamping restores the track geometry more effectively than CM tamping. The main reason is that CM tamping is usually carried out on a small part of the track section, while PM tamping is carried out on a major part of the track (generally covering the whole track section). In addition, usually CM is executed using small tamping machines and tractors. Tamping due to PM activities is called complete tamping and tamping due to CM activities is called partial tamping (Soleimanmeigouni, Ahmadi, Arasteh Khouy, & Letot, 2018a) . In this study, we use 'complete tamping' to refer to PM actions and 'partial tamping' to refer to CM actions. Tamping recovery is modelled using linear regression by considering the degradation value before tamping and the tamping type (partial or complete) as explanatory variables, as proposed by Soleimanmeigouni et al. (2018c) :
R LLs is the recovery value for track section s (in mm), defined as the difference between the degradation value just before tamping and the degradation value just after tamping. D LLs is the degradation value for track section s just before tamping. x s is a dummy variable that is 1 when the tamping is performed completely and 0 when the tamping is performed partially on track section s. a 1 is the regression coefficient. b 1 is the coefficient for the degradation before tamping. b 2 is the coefficient for the tamping type (complete or partial). b 3 is the coefficient for the interaction between the degradation before tamping and the tamping type. e LL 0 is the Gaussian random error term with a mean of zero, e LL 0 $ N ð0; r 2 Þ:
Model specifications and assumptions
The model was developed according to the following characteristics and assumptions:
The condition of the track geometry can be identified only at inspection times.
The degradation rate for each 200 m track section is varied. However, it will remain constant by performing tamping over time. In this study, it has been assumed that the accumulated tonnage is constant along the track. Therefore, it would be possible to model the track geometry degradation based on time instead of the load (MGT).
Cost model
The choice of AL can greatly affect not only the track performance in the long run, but also the economic aspects of the maintenance. Therefore, we consider the AL for track geometry maintenance as a decision variable to be allocated effectively so that it will minimise the total cost of track maintenance per year in a given time horizon. For this purpose, a cost model has been developed by considering the costs associated with inspection, preventive maintenance, normal corrective maintenance and emergency corrective maintenance that leads to speed reduction or line closure. The proposed cost model is as follows:
C
Tot is the expected total cost per year, N s is the number of inspections in a given time horizon, EðN PM Þ is the expected number of preventive maintenance actions, EðN CM:n Þ is the expected number of normal corrective maintenance actions, EðN CM:e Þ is the expected number of emergency corrective maintenance actions requiring speed reduction or line closure, C s is the cost of inspection, C PM is the cost of preventive maintenance, C CM:n is the cost of normal corrective maintenance, C CM:e is the cost of emergency corrective maintenance, T is the given time horizon.
In order to estimate the components of the cost model, a simulation technique is used. Section 3.4 explains the simulation process.
Monte Carlo simulation to estimate the number of maintenance activities
Due to the existence of uncertainty in the degradation process and the maintenance effects, Monte Carlo simulation is used to estimate the mean number of PM actions (N PM ), the mean number of normal corrective maintenance actions (N CM:n ) and the mean number of emergency corrective maintenance actions (N CM:e ) with speed reduction or line closure. Figure 7 shows the simulation process. At the beginning, the values of the AL, N PM ; N CM:n ; N CM:e ; t, T tamp and T insp are set. Then, the random coefficients of the degradation model (consisting of D 0 LL:s ; b s and the error term e s Þ are given and afterwards the degradation value at each simulation time 't' is determined.
The degradation value (D LL.s ) during the simulation is unknown, unless the degradation condition has been identified at inspection intervals. Therefore, at each inspection time (mod (t,Tinsp)), the probability of the occurrence of isolated defects is computed for normal corrective maintenance and emergency corrective maintenance. If it is observed that the probability of the occurrence of emergency corrective maintenance (P IAL ) is greater than }; a CM tamping action is carried out with speed reduction or line closure. Furthermore, in the case where the probability of the occurrence of isolated defects requiring normal corrective maintenance (P IL ) is greater than } 0 ; then a CM action is carried out on the track section after a response time. Regarding the PM actions, whenever the simulation time is equal to the pre-set tamping horizon, PM is carried out on those track sections whose degradation value is greater than the AL.
Case study

Data collection and data pre-processing
In order to verify the application of the proposed model, a case study was carried out using a data set collected from The data were cleaned and pre-processed. In the first stage, the data relating to the standard deviation for the short wavelength (3-25 m) of the longitudinal level (D LL ) were extracted for all the track sections. Based on the registered tamping times in the maintenance history, the exact times when tamping was conducted on a section or sections of track were determined. In addition, the degradation growth for all the track sections was visualised. It was observed that in some track sections the quality of the track geometry improved although there was not any registered tamping time in the maintenance history. Therefore, as a result of consultation with railway experts at Trafikverket, two criteria were used to minimise the errors in the degradation prediction model. The first criterion was that track sections with a degradation before tamping of D LL.Before ˂ 0.8 of IL were to be considered as track sections in good condition, and if there was a 15% reduction in the degradation value (calculated using Equation (9)), this was to be considered as an indication of tamping activity.
The second criterion was that track sections with a degradation before tamping of D LL.Before > 0.8 of IL were to be considered as track sections in poor condition, and if there was a reduction in the degradation value of more than 16% (>16%) at D LL ¼ 1 mm and a reduction of more than 22% at D LL ¼2 mm, using Equation (10), this was also to be considered as an indication of tamping activity: 
Standard deviation of the longitudinal level
The degradation model presented in Section 3.1.1 was used to model the track geometry degradation. As mentioned in Section 3.1.1, the distribution of the random coefficients of the degradation model (D LL 0 and b) needs to be identified. Figure 8 shows the scatter plots and histograms for the track geometry degradation rate and the degradation level values after tamping for all the track sections. As can be seen from the scatter plots, the track sections have different degradation parameters and it is shown that the behaviour of the track sections varies over the track.
In addition, the histogram of D LL 0 and b shows that a lognormal distribution could be a good candidate for both degradation parameters. We applied the Anderson-Darling (AD) goodness-of-fit test to determine the best-fitting distribution for both degradation parameters and the likelihood method to estimate the parameters of the distribution. Table  1 presents the results of the AD test for both D LL 0 and b: The results indicate that both these degradation parameters have a p value greater than the significance level (0.05) for a lognormal distribution. Therefore, it can be inferred that both D LL 0 and b from the selected line follow a lognormal distribution with the parameters presented in Table 1 . The probability density function for the selected distribution is:
where l is the scale parameter and r is the shape parameter of the distribution. In addition, the normality assumption for the error term in the degradation model (equation 1) was tested using the AD test. In this test, the null hypothesis was that the residuals of the linear model between two maintenance cycles were normally distributed. The AD test was conducted for the residuals of all the linear models between two maintenance cycles and for all the track sections. Figure 9 presents the results of the AD test based on the histogram of the p values. As can be seen, the null hypothesis cannot be rejected for approximately 88% of the tests because their p values are larger than the significance level (0.05). Based on the results of the test, it is reasonable to state that the residuals extracted from the linear model are normally distributed. The mean and the variance of the error term in the degradation model were determined using the Minitab software. The values of the error term can be seen in Table 1 .
Isolated defects
In order to predict the probability of the occurrence of level A defects and level B defects in line 414, Equations (5) and (6) (presented in Section 3.1.2) were used, considering the standard deviation of the longitudinal level as the main predictor. The data relating to registered level A and level B defects in the database for line 414 were used to estimate the model parameters. Table 2 presents the results of fitting ordinal logistic regression on the dataset.
As can be seen in Table 2 , the p-value for the standard deviation of the longitudinal level is less than the significance level (0.05) and shows that this factor is statistically significant. Therefore, the changes in the standard deviation of the longitudinal level are associated with the changes in the probabilities of the three outcomes of the model. Since the coefficient for the standard deviation of the longitudinal level is negative, one can conclude that an increase in D LLs will increase the probability of the occurrence of level A and level B defects. The McFadden's R square of the model is 0.41, which shows a reasonable goodness of fit for the proposed model. McFadden's R square (McFadden, 1973 ) is a method for calculating the R square for ordinal logistic regression and for measuring how well the model fits the data. It takes a value between 0 and 1, with 0 indicating that the model is incapable of prediction and 1 indicating a perfect model for prediction (Allison, 2014) .
Recovery model
The recovery values for partial and complete tamping in line 414 were extracted and used to construct the recovery model presented in Equation (7). After estimating the parameters of the recovery model in Equation (7), the recovery model, with the tamping type (partial or complete tamping) being considered, was formulated as follows: Furthermore, the normality assumption for the error term in the recovery model was tested using the AD test. In the test, the null hypothesis stated that the residuals of the recovery model were normally distributed. The results of the test showed a p value of 0.067, which is larger than the significance value (0.05) and the AD value of 0.699. Based on the results, there is not enough evidence to reject the null hypothesis. The mean and the variance of the error term were determined in the Minitab software and e 0 LL is estimated as follows: 
Effective maintenance limit (AL)
This section concerns the determination of an effective AL that minimises the total maintenance cost per year. In total, we assessed the effect of 15 different AL scenarios. The scenarios for the AL started with the allocation of Figure 9 . Histogram of the p value for the normality of the error term in the degradation model. AL ¼ 1:2mm, after which the AL was increased by increments of 0.05 mm up to the last scenario, where AL ¼ 1:9mm. The time horizon was set to 15 years. Over time, the track is inspected every four months. At the inspection time, whenever the P IL and P IAL exceed a certain value, corrective maintenance is carried out on the track section. In this case study, based on expert opinion, we assumed that whenever the probability of the occurrence of isolated defects, P ILss ; was greater than 70% (P IL ! 0:70) for track section s and at the inspection interval s, a normal corrective maintenance action would be scheduled with a response time.
The response time for the performance of normal corrective maintenance was assumed to follow a normal distribution with a mean of m ¼ 5weeks and a standard deviation of r ¼ 1week. In addition, it was assumed that once the P IAL ! 0:05 (5%), an emergency corrective maintenance action would be performed immediately with a speed reduction or line closure. In order to perform PM, the tamping horizon was set to 12 months. Therefore, at the point of time for tamping, preventive maintenance would be carried out on the track sections with D LL:s ! AL: MATLABV R 2 program has been used to run the Monte Carlo simulation presented in Section 3.4 to estimate the expected number of both preventive and corrective tamping. The results were used in Equation (8) to estimate the total maintenance cost for each scenario. For each simulation, 80,000 runs were performed to make sure that the simulation would be converged. Figure 10 shows a sample plot of a simulation for AL equal to 1.9 mm. As can be seen in this figure, after around 40,000 simulation runs, the results converge to an acceptable value. The cost model presented in Section 3.3 was used to determine the total maintenance cost (per year) of each scenario. The cost of inspection, preventive maintenance (tamping), normal corrective maintenance and emergency corrective maintenance are set as follow: Table 3 shows the mean number of normal corrective maintenance actions, the mean number of emergency corrective maintenance actions and the mean number of PM actions for line 414 (411 track sections) in the given time horizon (15 years). As can be seen in this table, the mean number of PM actions decreases with an increase in the maintenance limit in each scenario. However, the mean number of normal and emergency corrective maintenance actions is approximately constant from scenario 1 (AL ¼ 1.2 mm) to scenario 7 (AL¼ 1.5mm) and increases exponentially after that. Therefore, scenario 7 can be considered as a turning point from the point of view of the mean number of maintenance actions. Figure 11 presents the total cost of maintenance per year for all the scenarios for the whole line. As can be seen in this figure, allocating either a low or a high maintenance limit will not necessarily result in a low maintenance cost, because this affects the mean number of corrective and preventive maintenance actions. This figure clearly shows that a range of AL scenarios could be selected as effective maintenance limits from a cost point of view. The two vertical dashed lines in this figure show the mentioned range of effective scenarios (scenarios with AL ¼ 1:5mm, AL ¼ 1:55mm and AL ¼ 1:6mm). However, as can be observed in Table 3 , the mean number of normal and emergency corrective maintenance actions increases exponentially after allocating AL ¼ 1.5 mm. Hence, it is suggested that the limit should be set at the lower bound of the effective region (i.e. 1.5 mm AL 1.6 mm) as this would reduce the risk of probability occurrence of isolated defects. The cost of emergency corrective maintenance is highly dependent on the type of traffic (passenger or freight trains) and the traffic congestion. Generally speaking, performing emergency corrective maintenance on lines with high traffic congestion incurs more cost for infrastructure managers as more scheduled trains need to be cancelled or rerouted. On the other hand, performing corrective maintenance on tracks with less traffic congestion may not greatly affect the train serviceability. In the present study, a sensitivity analysis was performed to assess the effect of various emergency corrective maintenance costs (C CM :e ) on the optimal track geometry maintenance limit. For this purpose, all the input Figure 11 . The effect of allocating different maintenance limit scenarios on the mean total maintenance cost per year (SEK). parameters except C CM: e (i.e. the inspection interval, maintenance response time and maintenance costs) were the same as those given in Section 4.3 for all the AL scenarios. Figure 12 displays the effect of different values of C CM: e on the total annual maintenance cost for various track geometry maintenance limits. The results clearly indicate that different values of C CM: e give different optimal limits. As can be seen in this figure, lower maintenance limits should be assigned for tracks with a high cost for emergency corrective maintenance actions (e.g. main tracks with high traffic congestion). In addition, from the results it was observed that there is an optimal region for maintenance limits corresponding to each C CM: e : Based on this figure, it can be concluded that infrastructure managers should set lower maintenance limits for tracks with higher C CM: e :
Sensitivity analysis performed on the inspection interval
Periodic inspections of the track are conducted to monitor the quality of the track geometry over time. In the present case study, although the inspection interval was constant, a sensitivity analysis was performed to assess the impact of different inspection periodicity on the mean number of maintenance actions and the total maintenance cost. The effects of five different inspection intervals were investigated. As mentioned in Section 4.3, a range of limits could be selected as effective ALs. In the sensitivity analysis performed on the inspection interval, the effective AL was set to 1.5 mm and the rest of the specifications were kept constant during all the analysis. For the analysis it was assumed that performing inspections would not affect the serviceability of trains, even inspections executed with a high frequency (i.e. every month). Table 4 gives the mean number of maintenance actions in a given time horizon for different inspection intervals. The results indicate that the mean number of PM actions is not sensitive to the frequency of inspections. The main reason is that PM is carried out on track sections at predetermined tamping times. In addition, the results show that the mean number of normal and emergency CM actions increases when the frequency of inspections decreases. This is explained by the fact that by decreasing the frequency of inspections, the probability of the occurrence of isolated defects will increase.
Sensitivity analysis performed on the maintenance response time
In order to assess the effect of maintenance response time on the range of effective ALs, an additional sensitivity analysis was performed on various response times. In this analysis, with the AL set to 1.5 mm and the rest of the parameters kept constant, we estimated the mean number of maintenance actions in the given time horizon for different response times. We set the range of response times to 0-15 weeks and considered a standard deviation of one week for the whole analysis. Table 5 presents the effect of the different response times on the mean number of maintenance actions for a time horizon of 15 years. As can be seen in this table, the variation of the normal and the emergency corrective maintenance actions for response times from 0-3 weeks is negligible, but after three weeks, the number of CM actions increases exponentially.
In addition, the number of PM actions is not sensitive to different response times. The main reason is that preventive tamping is carried out on the track at predetermined tamping times. Hence, in order to reduce the number of CM tamping actions, it is highly recommended that one should keep the maintenance response time to less than three weeks. One's ability to decrease the response time depends on the available resources, logistic issues, budget limitations, managerial decisions, etc. A reduction of the response time for maintenance could be achieved by increasing the amount of resources, or even by performing a proper resource allocation.
Conclusions
The study presented in this paper has attempted to identify the optimum maintenance limit for the planning of railway track geometry maintenance. The objective has been to set the AL so that the total cost of maintenance per year would be minimised. The standard deviation of the longitudinal level and the extreme values of isolated defects of the longitudinal level were considered as quality indicators to assess the need for preventive and corrective maintenance activities, respectively. A framework has been introduced to achieve the effective track geometry maintenance limit. The proposed framework includes a prediction model for the track geometry condition and a cost model. Linear regression is used to model the track geometry degradation and restoration. In addition, ordinal logistic regression is applied to estimate the probability of the occurrence of isolated defects by considering the standard deviation of the longitudinal level as the main predictor. The proposed framework was implemented using a case study with a data set collected from the Main Western Line in Sweden. Based on the results obtained, it has been determined that the proposed framework can be used to find a range of cost-effective maintenance limits. In consideration of safety aspects in the planning of railway track geometry maintenance, it is recommended that one should select the lower bound limit within a region of effective ALs. A set of sensitivity analyses were carried out to identify how the uncertainty in the output of the proposed model could be apportioned to different sources of uncertainty in its inputs. It was observed that tracks with a higher cost of emergency corrective maintenance require the allocation of a lower maintenance limit.
Sensitivity analysis performed on the inspection interval showed that the frequency of inspections can greatly affect the mean number of emergency corrective maintenance actions. Based on the results obtained, it was observed that the response time for maintenance activities can affect the mean number of corrective maintenance actions (both normal and emergency corrective maintenance actions). A lower response time will reduce the mean number of corrective maintenance actions.
Notes
1. The time between a maintenance request and a maintenance action. 2. version R2017a, in a personal computer with a Windows 10, Intel(R) Core i7 @ CPU 2.8GHz, 16GB RAM.
